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A systematic approach to the construction of ultradiscrete analogues for differential systems is pre-
sented. This method is tailored to first-order differential equations and reaction-diffusion systems.
An ultradiscrete analog of the Allen-Cahn equation is proposed. Stationary solutions, traveling wave
solutions and entire solutions of the resulting ultradiscrete systems are constructed. An ultradiscrete
system corresponding to the Gray-Scott model is also proposed. The ultradiscrete system is directly











$\frac{\partial u}{\partial t}=D\frac{\partial^{2}u}{\partial x^{2}}+f(u)-g(u)$ (2.1)
$u>0$ $f(u),$ $g(u)\geq 0$
$m(u_{n}^{j})= \frac{1}{2}(u_{n}^{j+1}+u_{n}^{j-1})$ (2.2)




$t=\epsilon n,$ $x=\delta j$
$\delta=\sqrt{2D_{\mathcal{E}}}$ $\epsilonarrow 0$ (2.1)
(23)




$M(U_{n}^{j})= \max(U_{n}^{j+1}, U_{n}^{j-1})$ (2.4)
(24) (23)
$U_{n+1}^{j}=M(U_{n}^{j})+ \max\{M(U_{n}^{j})-E, F(M(U_{n}^{j}))\}-\max\{M(U_{n}^{j})-E, G(M(U_{n}^{j}))\}$
$d$ $\Delta=\sum_{k=1}^{d}\partial^{2}/\partial x_{k^{2}}$




$M(U_{n}^{j})=k, \ldots d\max_{=1},(U_{n}^{j+e_{k}}, U_{n}^{j-e_{k}})$






$\frac{\partial u}{\partial t}=D\frac{\partial^{2}u}{\partial x^{2}}+u(1-u)(u-a)$ , $(0<a<1)$ (3.1)
(31)
$\frac{\partial u}{\partial t}=D\frac{\partial^{2}u}{\partial x^{2}}+(1-u)(u-a)(u-b)$ $(0<b<a<1)$ (3.2)
(3.2) (21) $f(u)=(1+a+b)u^{2}+ab,$ $g(u)=u^{3}+(a+b+ab)u$
$u_{n+1}^{j}= \frac{\epsilon^{-1}m(u_{n}^{j})+(1+a+b)m(u_{n}^{j})^{2}+}{\epsilon^{-1}+m(u_{n}^{j})^{2}+a+b+ab}ab$ (3.3)
(33)
$\epsilon=\exp(E/\lambda)$ , $u_{n}=\exp(U_{n}/\lambda)$ , $a=\exp(A/\lambda)$ , $b=\exp(B/\lambda)$ (3.4)
$\lambdaarrow+0$
$U_{n+1}^{j}= \max\{M(U_{n}^{j})-E, \max(0, A, B)+2M(U_{n}^{j}), A+B\}-\max\{-E, 2M(U_{n}^{j}), A, B, A+B\}$ (3.5)
$b<a<1$ $B<A<0$ $E>-A$
(35)
$U_{n+1}^{j}= \max\{0, -E-M(U_{n}^{j}), A+B-2M(U_{n}^{j})\}-\max\{0, A-2M(U_{n}^{j})\}$ (3.6)
Allen-Cahn (3.6)
$-A<E\leq-(A+B)/2$
$U_{n+1}^{j}=\{\begin{array}{ll}B (M(U_{n}^{j})<A+B+E)M(U_{n}^{j})-A-E (A+B+E\leq M(U_{n}^{j})<-E)2M(U_{n}^{j})-A (-E\leq M(U_{n}^{j})<A/2)0 (M(U_{n}^{j})\geq A/2)\end{array}$
$E>-(A+B)/2$
$U_{n+1}^{j}=\{\begin{array}{ll}B (M(U_{n}^{j})<(A+B)/2)2M(U_{n}^{j})-A ((A+B)/2\leq M(U_{n}^{j})<A/2)0 (M(U_{n}^{j})\geq A/2)\end{array}$
(36)
$U_{n+1}= \max(0, -E-U_{n}, A+B-2U_{n})-\max(0, A-2U_{n})$
$U=0,$ $A,$ $B$ $U_{0}>A$
$U_{n}= \min\{0,2^{n}(U_{0}-A)+A\}$ $(n\geq 1)$ (3.7)
$U0<A$ $A<E\leq-(A+B)/2$ $n_{0}= \min\{0, \lceil\log 2(A+E)/(A-U_{0})\rceil\}$
$U_{n}=\{\begin{array}{ll}2^{n}(U_{0}-A)+A (n\leq n_{0})\max\{B, -(A+E)(n-n_{0})+2^{n_{0}}(U_{0}-A)+A\} (n\geq n_{0}+1)\end{array}$ (3.8)
$E>-(A+B)/2$




















$cn)/(-1+c))$ $c>1$ $-A<E\leq-(A+B)/2$ (3.7) (3.8)
$D(s)=\{\begin{array}{ll}-2^{\epsilon}(A+E)+A (s\leq 0)\max\{B, -(A+E)s-E\} (s>0),\end{array}$
$I(s)= \min\{0, A(1-2^{\epsilon})\}$
$E>-(A+B)/2$ (3.7) (3.9)












$U_{n}^{j}= \max\{D(\frac{j-cn+l}{1-c}),$ $D( \frac{-j+cn}{1+c})\}$
$\lim_{jarrow-\infty}U_{n}^{j}=A,$ $\lim_{jarrow\infty}U_{n}^{j}=A$ $|c|<1$ $c=0$
IV:
$U_{n}^{j}=\{\begin{array}{ll}D(\frac{j+n+l}{2}) (j\leq-n)A (j\geq-n+1)\end{array}$







&b $\lim_{jarrow-\infty}U_{n}^{j}=A,$ $\lim_{jarrow\infty}U_{n}^{j}=0$ $-1$ IV $carrow-1$
VII:
$U_{n}^{j}=\{\begin{array}{ll}D(\frac{j+n+l}{2}) (j\leq-n)A (-n+1\leq j\leq-n+k)0 (j\geq-n+k+1)\end{array}$
$\lim_{jarrow-\infty}U_{n}^{j}=A,$ $\lim_{jarrow\infty}U_{n}^{j}=0$ $-1$
VIII:
$U_{n}^{j}=\{\begin{array}{l}B (j\leq-n)A (-n+1\leq j\leq-n+k)0 (j\geq-n+k+1)\end{array}$
&21imj $arrow$ - $\infty$ $U_{n}^{j}=B,$ $\lim_{jarrow\infty}U_{n}^{j}=0$ $-1$ 2
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$(j, n)\in \mathbb{Z}$ $U_{n}^{j}=D(n)$ $U_{n}^{j}=I(n)$
I:
$U_{n}^{j}= \max\{I(\frac{j-cn-1}{-1-c}),$ $I( \frac{-j+dn-1}{-1+d})\}$ , $(c<-1, d>1)$
$carrow-1$ $darrow 1$
II:
$U_{n}^{j}= \max\{D(\frac{j-cn+1}{1-c}),$ $D( \frac{-j+dn+1}{1+d})\}$ , $(c<1, d>-1)$
$c$ $d$ ($c=d$ ). $carrow 1$ $darrow-1$
III:




$c$ $-1$ $carrow 1$ $darrow-1$
V:





$\frac{\partial u}{\partial t}=D_{u}\frac{\partial^{2}u}{\partial x^{2}}-uv^{2}+a(1-u)$ , (4.la)
$\frac{\partial v}{\partial t}=D_{v}\frac{\partial^{2}v}{\partial x^{2}}+uv^{2_{-b\eta}}j$ (4.lb)
(4.1) $w=v+1,$ $D_{w}=D_{v}$
$\frac{\partial u}{\partial t}=D_{u}\frac{\partial^{2}u}{\partial x^{2}}-u(w-1)^{2}+a(1-u)$ , (4.2a)





$m_{p}(u_{n}^{j})=(u_{n}^{j+p}+u_{n}^{j-p})/2$ (4.3) $t=\epsilon n,$ $x=\delta j$ $\delta=\sqrt{2D\epsilon}$
$\epsilonarrow 0$ (4.2) $D_{u}=p^{2}D,$ $D_{w}=q^{2}D$ (4.3)
$U_{n+1}^{j}= \max\{M_{p}(U_{n}^{j})-E,$ $M_{p}(U_{n}^{j})+W_{n+1}^{j},$ $A \}-\max(-E,$ $2W_{n+1}^{j},0,$ $A)$ , (4.4a)
$W_{n+1}^{j}= \max[M_{q}(W_{n}^{j})-E,$ $M_{p}(U_{n}^{j})+ \max\{2M_{q}(W_{n}^{j}),$ $0\},$ $B]- \max\{-E,$ $M_{p}(U_{n}^{j}),$ $B\}$ (4.4b)
$M_{p}(U_{n}^{j})= \max(U_{n}^{j+p}, U_{n}^{j-p})$ $W_{n}^{j}\geq 0$
$Earrow\infty$ (4.4)
$U_{n+1}^{j}= \max\{M_{p}(U_{n}^{j})+W_{n+1}^{j},$ $A \}-\max(2W_{n+1}^{j},$ $A)$ , (4.5a)
$W_{n+1}^{j}= \max\{M_{p}(U_{n}^{j})+2M_{q}(W_{n}^{j}),$ $B \}-\max\{M_{p}(U_{n}^{j}), B\}$ (4.5b)
Gray-Scott
(4.5) [8] $B\geq 1$




1: $A\leq-1,$ $B=1$ $p=q=1$ $W_{n}^{j}$




( 2). $p=2,$ $q=1$ ( 3).
$2:0\leq A\leq 1,$ $B=1$ $p=q=1$ $W_{n}^{j}$
3: $0\leq A\leq 1,$ $B=1$ $p=2,$ $q=1$ $W_{n}^{j}$
III: $A\geq 2,$ $B=1$
$U_{n+1}^{j}=0$ $W_{n}^{j}$ $W_{n+1}^{j}=M_{q}(W_{n}^{j})$
IV: $A\leq-1,$ $B\geq 2$
$W_{n+1}^{j}=0$ $U_{n}^{j}$ $U_{n+1}^{j}=M_{p}(U_{n}^{j})$
V: $A\geq 0,$ $B\geq 2$
$U_{n+1}^{j}=W_{n+1}^{j}=0$
(4.5) $B\geq L$ $U_{n}^{j}\in\{0, -1, \ldots, -L\}$ $W_{n}^{j}\in\{0,1, \ldots, L\}$
$U_{n}^{j}$ $W_{n}^{j}$ $L+1$ 5
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$L=2$ ( 4).
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